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EXTENSION OF JETS WITH L2 ESTIMATES, AND AN APPLICATION
JEFFERY D. MCNEAL AND DROR VAROLIN
ABSTRACT. We study the problem of extension of normal jets from a hypersurface, with focus on
the growth order of the constant. Using aspects of the standard, twisted approach for L2 extension
and of the new approach to L2 extension introduced by Berndtsson and Lempert, we are able to
obtain an extension theorem with a constant Ck where C is universal and k is the jet order. We then
use the jet extension theorem to extend positively curved singular Hermitian metrics from smooth,
deformably pseudoeffective hypersurfaces in projective manifolds.
INTRODUCTION
Let (X,ω) be a Stein Ka¨hler manifold of complex dimension n, Z ⊂ X a closed hypersurface,
and L → X a holomorphic line bundle with singular Hermitian metric e−ϕ. The hypersurface Z
defines a holomorphic line bundle LZ → X and there is a holomorphic section T ∈ ΓO(X,LZ)
such that Z = {T = 0}.
We consider the problem of extending L-valued holomorphic normal k-jets on Z to sections on
X with L2 estimates. For k ∈ N, L-valued normal k-jets on Z are sections of the quotient sheaf
OX(L)/I k+1Z (L), where IZ is the zero ideal sheaf of Z, so that f ∈ I mZ ⇐⇒ f/Tm ∈ OX
(c.f. Section 2). We write
J k⊥(Z|X,L) := OX(L)/I kZ (L) and Jk⊥ : OX(L)→ J k⊥(Z|X,L).
As we explain in Paragraph 2.2, the global sections of J k⊥(Z|X,L) correspond to (k + 1)-tuples
(fo, ..., fk) ∈
k⊕
ℓ=o
ΓO(Z, L⊗ L∗⊗ℓZ ).
If γ ∈ H0(Z,J k⊥(Z|X,L)) corresponds to (fo, ..., fk), we may write Π(ℓ)⊥ γ := fℓ, o ≤ ℓ ≤ k. For
metrics e−ϕ and e−λ for L and LZ , define the Hilbert spaces
H2k :=
{
γ ∈ H0(Z,J k⊥(Z|X,L)) ; ||γ||2k :=
k∑
ℓ=0
∫
Z
|Πℓ⊥γ|2e−ϕ+ℓλ
|dT |2ωe−λ
dAω < +∞
}
and
H
2 :=
{
F ∈ ΓO(X,L) ; ||F ||2X :=
∫
X
|F |2e−ϕdVω < +∞
}
,
where dAω = ω
n−1/(n− 1)! and dVω = ωn/n!. Our first main result is the following theorem.
THEOREM 1. Let (X,ω) be a Stein Ka¨hler manifold and let Z ⊂ X be a smooth complex hyper-
surface. Let T ∈ H0(X,LZ) be a section cutting out Z, and e−λ a singular metric for LZ , such
that
(1) ∂∂¯λ ≥ 0, e−λ|Z 6≡ −∞ and sup
X
|T |2e−λ ≤ 1.
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Let δ > 0 and let L → X be a holomorphic line bundle with singular Hermitian metric e−ϕ such
that
(∂∂¯ϕ+ Ricci(ω)) ≥ (k + 1 + δ)∂∂¯λ.
Then there is a universal constant C such that for each γ ∈ H2k there exists F ∈ H 2 satisfying
Jk⊥F = γ and ||F ||2 ≤
k + 1 + δ
δ
Ck||γ||2k.
Theorem 1 is not the first result on the L2 extension of jets. To our knowledge, the first such
result was proved by Popovici [P-2005], with two differences, the second of which is very impor-
tant in the present paper, especially for the proof of our second main result (Theorem 2 below): in
Popovici’s Theorem (i) the constant C was not universal, but rather depended on the metric e−λ
(which also had to be smooth), and (ii) the constant appearing was Ck
2
, and not Ck.
We have known for some time how to carry out jet extension from a hypersurface inside a very
thin domain, but we did not know how to extend the idea to a general domain. Things changed with
the appearance of the work of Berndtsson and Lempert [BL-2016], who gave a new proof of the L2
extension theorem in a special case. While they work with submanifolds of general codimension,
in the case of a hypersurface Z their additional assumption amounts to the existence of a metric
e−λ for LZ and a section T ∈ ΓO(X,LZ) satisfying conditions (1) of Theorem 1.
We do not completely adapt the approach of [BL-2016] to the setting of jets. Instead, we com-
bine the more traditional approach (see, for example, [MV-2007]) with the degeneration technique
introduced by Berndtsson and Lempert, which relies on the celebrated work [B-2009] of Berndts-
son regarding plurisubharmonic variation of Hilbert spaces. Although it is well-known by now,
we provide a short and more direct proof of a (slightly) special case of Berndtsson’s Theorem in
Section 3.
The hypersurfaces considered in Theorem 1 are not completely general. Given a hypersurface
Z, Demailly introduced the metric of minimal singularities for the holomorphic line bundle LZ
associated to Z as the minimal element of the set of all non-negatively curved metrics for LZ , with
the order relation being that
e−ϕ1 ≺ e−ϕ2 ⇐⇒ e−ϕ2 ≤ Ce−ϕ1 for some positive continuous function C : X → (0,∞).
The metric of minimal singularities is not unique, but its equivalence class is unique, and uniquely
determined by its singularities. (Here we define two metrics e−ϕ1 and e−ϕ2 to be equivalent if and
only if e−ϕ1 ≺ e−ϕ2 and e−ϕ2 ≺ e−ϕ1 .) Note that every hypersurface Z has a metric e−λ with non-
negative curvature satisfying supX |T |2e−λ ≤ 1, namely λ = log |T |2, but of course this metric is
singular on Z. Thus the kind of hypersurfaces considered in Theorem 1 are those for which the
singular locus of the metric of minimal singularities does not have any component whose support
is all of Z. Such hypersurfaces are not just pseudoeffective, but in an infinitesimal sense they move
in a pseudoeffective family.
DEFINITION 1.1. A hypersurface Z is said to be deformably pseudoeffective if its metric of mini-
mal singularities is locally bounded at some point of every irreducible component of Z.
THEOREM 2. Let X be a smooth complex projective manifold and let Z ⊂ X be a smooth,
deformably pseudoeffective complex hypersurface. Let H → X be a pseudoeffective line bundle
and fix a singular Hermitian metric e−ϕo for H such that
√−1∂∂¯ϕo ≥ 0 as a current. Then for
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any singular Hermitian e−ϕ for H|Z → Z such that
√−1∂∂¯ϕ ≥ 0 and e
−ϕ
e−ϕo
≥ 1 on Z
there exists a singular Hermitian metric e−Φ for H → X such that
√−1∂∂¯Φ ≥ 0 and e−Φ|Z = e−ϕ.
Recall that on a compact complex manifold, a pseudoeffective line bundle admits, by definition,
a singular Hermitian metric whose curvature is a non-negative (1, 1)-current. The name comes
from Algebraic Geometry, where a pseudoeffective line bundle L is a line bundle lying in the
closure of the effective cone, i.e., for any ample line bundle A and any positive integer m, there
exists a positive integer k such that k(mL+ A) has a non-identically zero section.
When the line bundle H → X is ample, Theorem 2 is due to Coman, Guedj and Zeriahi
[CGZ-2010]; in fact, they establish the result for all submanifolds ofX , with no additional restric-
tions. (Recent work of Collins-Tosatti [CT-2013] gives another proof in the ample case, among a
number of other results.) By the well-known theorem of Kodaira, the ampleness ofH is equivalent
to the existence of a smooth metric of strictly positive curvature. In this case, the conditions of
Theorem 2 are satisfied for any singular Hermitian metric, and thus Theorem 2 is a generalization
of the result of [CGZ-2010] for such hypersurfaces.
It is known [M-2013] that if there are no conditions placed on the singularities of the metric
to be extended, and if extension is possible from any subvariety, then either H → X is ample or
c1(H) = 0.
We should point out that our proof of Theorem 2 follows ideas communicated to us by V. Guedj
about five years ago, when one of us visited Toulouse. According to Guedj, this was the initial
approach that he, Coman and Zeriahi tried to use for the proof of Theorem 2 in the ample case,
but at the time the only L2 extension theorem available to them was that of [P-2005], which as we
already mentioned, is not sufficiently sharp.
Our Theorem 2 is confined to the setting of hypersurfaces that are deformably pseudoeffective.
The hypersurface aspect is not important; our proof generalizes to submanifolds of higher codi-
mension, but we have opted to restrict our attention to the setting of hypersurfaces because of
personal preference. On the other hand, our assumption that Z is deformably pseudoeffective is
necessary for our approach, primarily because the method of Berndtsson and Lempert (particularly,
the ideas of Section 5) has not yet been adapted to the setting of general hypersurfaces. We hope
this article makes a case for the need of such an adaptation. At any rate, we conjecture as follows.
CONJECTURE. Theorem 2 holds even if the words deformably pseudoeffective are completely
removed from the second line.
We end this introduction with a discussion about sharp constants in L2 extension. One of the
remarkable aspects of the work [BL-2016] of Berndtsson and Lempert is that it yields a sharp
bound on the norm of the operator that assigns to a given section its extension of minimal norm.
The so-called sharp constants result was already proved, first by Błocki [B-2013] in a special case
of domains, and then by Guan and Zhou [GZ-2012] in general. Their proofs, while not identical,
are very close in spirit (and the fundamental new idea in both proofs is the same), and essen-
tially refine, in a non-trivial way, the standard approach to L2 extension. By contrast, the proof
of Berndtsson and Lempert is radically different, relying as we said on Berndtsson’s Theory of
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(pluri)subharmonic variation of Hilbert spaces. It is interesting to note, however, that the exten-
sion theorem with sharp constants is equivalent to the theorem of Berndtsson on plurisubharmonic
variation. This was partially seen in [GZ-2012], and further discussed in the work [HPS-2016] of
Hacon, Popa and Schnell, but a complete proof has not yet been written.
In our setting, we did not consider the question of sharp constants for jet extension, since for
our application, i.e., Theorem 2, only the universality of the constant plays a role. For the reader
interested in the sharp constants for jets, we believe that the non-sharpness creeps in exactly in
the first part of the proof of Theorem 1, namely in the proof of Theorem 4.5. In fact, we are
quite optimistic that the method of Błocki-Guan-Zhou can be adapted to sharpen the constant at
that stage, and then it is clear from the rest of the proof that one would obtain a sharp constant.
However, this sharpening would add a significant amount of additional detail to the paper, and so
we opted to go with a simpler approach that is still sufficient for our purposes.
While this article was being written, the preprint [H-2017] appeared on the ArXiV database. We
have not had time to carefully read the article, but clearly the approach of Berndtsson and Lempert
is used to prove L2 extension of jets in the flat case. The jet norms might be different form ours;
we are not sure. Certainly the proof, on the surface, seems different from ours. Perhaps the
main result of [H-2017] could be used to obtain sharp constants for Theorem 1 (and its analogous
generalization to higher codimension). However, the case of jet extension from a general subvariety
is still unproved.
ACKNOWLEDGMENT. The authors are grateful to Seb Boucksom, Vincent Guedj, Rob Lazarsfeld,
Mihai Pa˘un and Ahmed Zeriahi, for interesting and stimulating discussions. This project has been
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2. BACKGROUND AND NOTATION
2.1. Homogeneous expansion. Our proof of Theorem 1 requires a lifting of the extension prob-
lem to the disk bundle
B(λ) := {v ∈ L∗Z ; |v|2eλ < 1}.
As is well-known, the vertical boundary
∂V B(λ) := {v ∈ L∗Z ; |v|2eλ = 1}
is pseudoconvex (with respect to B(λ)) if and only if e−λ has non-negatve curvature, which is the
case for us. Consequently, since the base X is Stein, so is the disk bundle B(λ).
PROPOSITION 2.1. Let L,H → X be holomorphic line bundles and denote by π : H∗ → X the
dual bundle. Let σ ∈ ΓO(H∗, π∗H∗) denote the diagonal section
σ(v) := (v, v).
Then for any s ∈ ΓO(H∗, π∗L) there exist sections aj ∈ ΓO(X,H⊗j ⊗ L) such that
s =
∞∑
j=0
(π∗aj)⊗ σ⊗j.
Proof. Fix some v ∈ H∗ and a frame η for L→ X near x = πv. Let ξ ∈ H∗v − {0} and let tξ be a
typical point on the fiberHv. Writing our section as s = fπ
∗η, we have the power series expansion
f(tξ) =
∑
j≥0
Aj(ξ)t
j.
If we started with another ξ′ ∈ H∗v − {0} and t′ ∈ C such that tξ = t′ξ′ then we have∑
j≥0
Aj(ξ)t
j = f(tξ) = f(t′ξ′) =
∑
j≥0
A′j(ξ
′)t
′j ,
from which we deduce that
aj(πξ) := Aj(ξ)η ⊗ ξ⊗−j
is well-defined, independent of ξ. Thus aj ∈ ΓO(X,L⊗H⊗j), and we compute that
∞∑
j=0
(
π∗aj ⊗ σ⊗j
)
(v) =
∞∑
j=0
Aj(v)(v)
⊗−jσ(v)⊗j ⊗ π∗η =
∞∑
j=0
Aj(v)π
∗η = fπ∗η,
and the proof is finished. 
2.2. Normal jets. Let X be a complex manifold and S ⊂ X a complex submanifold of complex
codimension r. Fix a holomorphic line bundleH → X . We begin with a general discussion of jets
in the normal directions to S.
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2.2.1. Normal k-jets. Given an ideal I ⊂ OX , one says that two germs in OX,x are tangent to
order k+1 along the normal directions to I if their difference lies in I k+1x . When I = IS is the
sheaf of germs of holomorphic functions that vanish along a complex submanifold S, tangency to
order k + 1 means that if we choose a coordinate system so that S is locally a factor in a Cartesian
product, then when we expand the germs in a Taylor series in the complementary variables to S
(so the coefficients of the Taylor series live inOS), the two series coincide up to order k. Since the
definitions are local, they make sense if we also twist by a holomorphic vector bundle.
DEFINITION 2.2. Fix a holomorphic line bundleH → X and let k ∈ N+.
(1) An H-valued normal k-jet to S at x ∈ S is an equivalence class of germs of holomorphic
sections of H → X at x that are tangent to order k + 1 along the normal directions to S,
i.e., an element of the sheaf J k⊥(S|X,H) := (OX/I k+1S )(H).
(2) We denote by Jk⊥F the normal k-jet determined by the germ of a section F ∈ OX(H). ⋄
One has the exact sequence of sheaves
(2) 0→ OS(H ⊗ Symk(N∗X/S))→ J k⊥(S|X,H)→ J k−1⊥ (S|X,H)→ 0.
Each sheaf appearing in the sequence (2) is the sheaf of germs of a holomorphic vector bundle.
The map sending a section P ∈ ΓO(S∩U,H⊗SymkN∗X/S) of theH-twisted kth symmetric power
of the co-normal bundle of S in X to an H-valued k-jet can be described as follows: if we take
normal coordinates z1, ..., zr to S, then dz1|S, ..., dzr|S is a frame for N∗X/S over U then we can
write P (s) = fα(s)dz
α ⊗ ξ. One can then consider FP := fα(s)zα and compute Jk⊥FP . Different
choices of normal coordinates will result in the same term of order k, but the lower order terms can
change.
By computing Taylor expansions in the coordinates z1, ..., zr one can see that the k-th order term
of any k-jet is realized by a section of theH-twisted kth symmetric power of the co-normal bundle
as in the previous paragraph.
In general, the sequence (2) does not split globally holomorphically. Nevertheless, for each
F ∈ ΓO(X,H) we can define a sequence of holomorphic sections
fk ∈ ΓO(S,H ⊗ Symk(N∗X/S))
by letting fo := F |Z , and taking fk to be the unique element that maps to Jk⊥F in (2). Note that
the section fk depends only on F only implicitly through J
k
⊥F , i.e., if J
k
⊥F = J
k
⊥F˜ then F and F˜
yield the same section fk.
DEFINITION 2.3. We call fk the k
th Taylor coefficient of F ∈ ΓO(X,L) relative to S. When it is
convenient, we may also write
fj := F
(j)
⊥ or fj := Π
(j)
⊥ J
k
⊥F,
the latter for j ≤ k.
We warn the reader that this definition can be misleading; in general we cannot form a Taylor
series, or even a Taylor polynomial, on X (or even on a neighborhood of S) from the Taylor
coefficients. (See the discussion after Definition 2.4.) Nevertheless, we will use this nomenclature.
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2.2.2. Normal k-jets to a hypersurface Z in a Stein manifold. Let X be a Complex manifold
and Z ⊂ X a smooth hypersurface. Let T be the defining section for the holomorphic line bundle
LZ associated to Z. The smoothness of Z implies that the section dT of N
∗
X/Z ⊗ LZ |Z , which
is well-defined on the zero set of T , is nowhere-zero, and hence the latter line bundle is trivial.
Therefore LZ |Z is isomorphic to the normal bundle NX/Z of Z in X . In particular, LZ gives an
extension of the normal bundle of Z to all ofX . This observation is often referred to as adjunction.
We fix an integer k ∈ N once and for all; this integer will be our jet order. As above, we associate
to a normal k-jet section γ = Jk⊥F of a section F ∈ ΓO(X,H) the (k + 1)-tuple
(fo, ..., fk) ∈
k⊕
j=0
ΓO(Z,H ⊗ L∗⊗jZ )
of Taylor coefficients relative to Z. We can now define the L2 norm of a normal k-jet γ = Jk⊥F .
DEFINITION 2.4. LetH → X be a holomorphic line bundle, ω be a Hermitian Riemannian metric
on X , e−ϕ a Hermitian metric for H → X , and e−λ a Hermitian metric for LZ → X . The square
of the L2-norm of the k-jet section γ ∈ H0(Z,J k⊥(Z|X,H)) is
||γ||2k :=
k∑
ℓ=0
∫
Z
|Π(ℓ)⊥ γ|2e−(ϕ−ℓλ)
|dT |2ωe−λ
dAω.
In trying to tie the (k + 1)-tuple (fo, ..., fk) of sections on Z to a section J
k
⊥F on Z obtained
from some section F onX , one has in mind that there is an expansion
F = fo + Tf1 + ... + T
⊗kfk +O(T⊗(k+1)).
Of course, if this expression is taken literally then it does not capture the jet; it is only defined on
Z, where it equals fo. To get F to be a section on X , we must extend the fj to sections f˜j on X ,
but even after doing that, the k + 1-tuple associated to F may not be (fo, ..., fk). However, if the
extensions f˜j of the fj osculate fj to order k + 1− j along Z then we recover (fo, ..., fk) from F .
In a general complex manifold it is not possible to extend the sections fi, much less extend them
in the right way. However, on a Stein manifold, such extensions are possible, as the following
proposition shows.
PROPOSITION 2.5. Let X be a Stein manifold, H → X a holomorphic line bundle, and Z ⊂ X
a smooth complex hypersurface with defining section T . Let f = (fo, ..., fk) be a (k + 1)-tuple of
sections with fj ∈ ΓO(Z,H⊗L∗⊗jZ ). Then there exist sections f˜j ∈ ΓO(X,H⊗L∗⊗jZ ), 0 ≤ j ≤ k,
such that, with
(3) F := f˜o + f˜1 ⊗ T + · · ·+ f˜k ⊗ T⊗k ∈ H0(X,H),
F
(j)
⊥ = fj for every j = 0, 1, ..., k. In particular, there is a section F ∈ ΓO(X,H) whose (k + 1)-
tuple of Taylor coefficients is (fo, ..., fk).
Proof. Let j ∈ {o, 1, ..., k}.
Choose open sets Vµ ⊂⊂ Uµ ⊂⊂ X , µ ≥ 1, such that Z ⊂
⋃
µ≥1 Vj and each Uµ is a product
neighrborhood Wµ × Dµ withcoordinates (zµ, tµ) ∈ Cn−1 × C such that Wµ = {tµ = 0} is
biholomorphic to the unit ball, {Wµ} is an open cover of Z and Dµ = {|tµ| < 1}. Note that every
holomorphic line bundle on Uµ is trivial. Let Uo := X −
⋃
µ≥1 Vµ, so that {Uµ ; j ≥ o} is an
open cover of X . We can choose frames ηµ for LZ |Uµ such that T |Uµ = tµηµ. We also fix frames
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ξµ for H ⊗ L∗⊗jX |Uµ . Finally, fix a partition of unity {φµ} subordinate to {Wµ} and a function
σ ∈ C∞o ({|t| < 1}) such that σ||t|≤1/2 ≡ 1, and define
χµ(zµ, tµ) := φ(zµ)σ(tµ), µ ≥ 1.
Fix any χo ∈ C∞o (Uo).
Let goj := 0 ∈ ΓO(Uo, H ⊗ L∗⊗jZ ). For µ ≥ 1, we write fj |Uµ =: hµj (zµ)ξµ(zµ) and define the
local extension
gµj (zµ, tµ) := h
µ
j (zµ)ξµ(zµ, tµ).
Define g˜j :=
∑
µ χµg
µ
j . Note that g˜j is a smooth section ofH ⊗L∗⊗jZ → X that is holomorphic on
a neighborhood of Z inX , satisfies g˜j|Z = fj , and locally osculates fj to infinite order near Z. (In
fact, g˜j agrees with the constant extension of fj along the ‘normal’ directions fixed by our choice
of product neighborhoodWµ ×Dµ.) Let αj := ∂¯g˜j .
Fix a Ka¨hler form ω on X and metrics e−κ and e−τ for H and LZ respectively, and choose a
sufficiently rapidly growing strictly plurisubharmonic exhaustion ψ for X such that
√−1∂∂¯(ψ + κ+ Ricci(ω)− (k + j + 1)τ) ≥ ω and
∫
X
|αj |2ωe−κ+(j+k+1)τ−ψ
|T |2k+2 dVω < +∞.
By Ho¨rmander’s Theorem there exists a section uj of H ⊗ L∗⊗jZ → X such that
∂¯uj = αj and
∫
X
|uj|2e−κ+(k+1)τ−ψ
|T |2(k−h+1) dVω < +∞.
In particular, since αj is smooth, so is uj , and thus uj = O(T
⊗(k−j+1)) near Z.
Letting f˜j := g˜j−uj , one sees that the first k+1 Taylor coefficients of the section F ∈ ΓO(X,H)
defined by (3) are (fo, ..., fk). 
REMARK 2.6. In case the hypersurfaceZ is not smooth, one still has an extension of jets by general
Stein theory, but we lose control of the splitting into Taylor coefficients near the singular locus. We
shall implicitly use such a lift in Section 4, but we shall work with this extension near the smooth
points. ⋄
2.3. L2 Extension of sections. In this paragraph we collect some statements of results about L2
extension that will be needed in the proof of Theorem 2.
2.3.1. L2 extension of sections from a hypersurface. In the special case k = 0 Theorem 1 has
been known for quite some time. For example, in [V-2008] the following result was proved.
THEOREM 2.7. Let (X,ω) be a Stein Ka¨hler manifold and let Z ⊂ X be a smooth complex
hypersurface. Let T ∈ ΓO(X,LZ) be a section cutting out Z, and e−λ a singular Hermitian metric
for LZ , such that
sup
X
|T |2e−λ ≤ 1.
Fix δ ∈ (0, 1]. Let L→ X be a holomorphic line bundle with singular Hermitian metric e−ϕ such
that √−1(∂∂¯ϕ+ Ricci(ω)) ≥ (1 + αδ)√−1∂∂¯λ for all α ∈ [0, 1].
Then for each f ∈ ΓO(Z, L) such that∫
Z
|f |2e−ϕ
|dT |2ωe−λ
dAω < +∞
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there exists F ∈ ΓO(X,L) such that
F |Z = f and
∫
X
|F |2e−ϕdVω ≤ 24π
δ
∫
Z
|f |2e−ϕ
|dT |2ωe−λ
dAω.
Of course, Theorem 1 is a generalization of Theorem 2.7 if we don’t care about the constant
24π/δ (and in fact, this constant is not needed in the present article; only its universality is impor-
tant). In the spirit of economy, we note that our proof of Theorem 1 is self-contained (though, as
the reader will find, somewhat different from that of [V-2008]).
2.3.2. L2 extension of sections from a point. In the proof of Theorem 2 we will also need a
result on L2 extension of sections from a point.
PROPOSITION 2.8. Let X be a projective manifold of complex dimension n. Let ω be the curva-
ture current of the Fubini-Study metric of some projective embedding of X . Let H → X be a
holomorphic line bundle with singular Hermitian metric e−κ whose curvature current
√−1∂∂¯κ
satisfies
(4)
√−1∂∂¯κ+√−1Ricci(ω) ≥ (n+ ε)ω
for some positive number ε. Then there is a universal constant C > 0 depending only on ε and the
dimension n, and not the line bundle H or the metric e−κ, with the following property. For each
x ∈ X and each a ∈ Hx such that |a|2e−κ(x) < +∞ (with the convention that 0 ×∞ = 0) there
exists f ∈ H0(X,H) such that
f(x) = a and
∫
X
|f |2e−κdVω ≤ C|a|2e−κ(x).
Sketch of proof. Let A → X be the very ample line bundle associated to a hyperplane section of
the projective embedding of X , so that A has a smooth metric e−χ whose curvature is ω. Choose
holomorphic sections s1, ..., sn ∈ H0(X,A) whose zero sets are smooth prime divisors that meet
pairwise transversely, such that
{x} =
n⋂
j=1
{sj = 0}.
We can apply the extension theorem 2.7 inductively to the smooth sub varieties
{x} = H0 ⊂ H1 ⊂ · · · ⊂ Hn−1 ⊂ Hn = X,
where Hi =
⋂n−i
j=1{sj = 0}, and the metrics e−ϕ = e−κ and e−λZ = e−(n−i)χ. The details are left
to the reader. 
2.4. Approximation of singular Hermitian metrics on ample line bundles. A technique intro-
duced by Demailly can be used to approximate metrics of Hermitian line bundles by so-called
algebraic metrics. Demailly’s results apply to quite general line bundles. However, in the ample
case, there is a simplification that shortens proofs. We present the result here, as it will be needed
in the proof of Theorem 2. Since the proof is, we present it here as well.
LEMMA 2.9. Let X be a smooth projective variety, let H → X a pseudoeffective line bundle with
a singular Hermitian metric e−ϕ having non-negative curvature current, and letA be an ample line
bundle with smooth Hermitian metric e−χ of positive curvature. Fix a Ka¨hler form ω on X . Then
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for allm ≥ 0, if the holomorphic sections h(m)1 , ..., h(m)Nm ∈ H0(X,H⊗m⊗A) form an orthonormal
basis for the Hilbert space
H
2
m(ϕ) :=
{
f ∈ H0(X,H⊗m ⊗ A) ; ||f ||2m :=
∫
X
|f |2e−(mϕ+χ)dVω < +∞
}
then the metric e−ψm for H → X , defined by the potential
ψm := − χ
m
+
1
m
log
k∑
j=1
|h(m)j |2
satisfies
(5) (Cr−2n)1/me
χ(x)
m inf
Bω(x,r)
e−(ϕ+
1
m
χ) ≤ e−ψm(x) ≤ C1/me−ϕ(x)
for some constants C > 0 and 0 < r << 1 independent ofm and x. ⋄
REMARK 2.10. Strictly speaking, the metric e−ϕ is not a function, so the expression on the left
hand side of (5) does not make sense. There are a couple of ways to make sense of it. One way is
to fix a set of local frames forH and A on a cover ofX such that on each open set of the cover,H
and A are trivial. Measuring the length of each frame, with respect to e−ϕ or e−χ as needed, yields
functions. Since X is compact, we can choose the cover to be finite.
Another, almost equivalent, approach is to fix once and for all smooth metric e−λ and e−µ forH
and A. Then proves the inequality
C1/m
r2n/m
e
χ(x)−µ(x)
m inf
Bω(x,r)
e−(ϕ−λ+
1
m
(χ−µ)) ≤ eλ(x)−ψm(x) ≤ C1/meλ(x)−ϕ(x),
and again the constants C and r are independent ofm and x. ⋄
Proof of Lemma 2.9. A simple and well-known argument from the theory of Bergman kernels
shows that
emψm(x)−mϕ(x) = sup
{|f(x)|2e−(mϕ(x)+χ(x)) ; ||f ||m = 1} .
We begin by establishing the estimate e−ψm ≤ C1/me−ϕ. Observe that the inequality holds for any
point x ∈ X such that e−ϕ(x) = ∞, so we may assume that x is not a pole of ϕ. Assuming χ is
chosen to be sufficiently positively curved, Proposition 2.8 implies that for each a ∈ H⊗m ⊗ A
there exists f ∈ H 2m such that
f(x) = a and
∫
X
|f |2e−((mϕ+χ)dVω ≤ C|a|2e−((mϕ(x)+χ(x)).
Choosing a so that C|a|2e−((mϕ(x)+χ(x)) = 1, we see that
sup
{|f(x)|2e−(mϕ(x)+χ(x)) ; ||f ||m = 1} ≥ C−1,
which establishes the desired upper bound.
To establish the lower bound, one proceeds as follows. Once again, if x is a pole for ϕ all of the
sections in H 2m must vanish at x, and lower bound trivially holds. Assuming x is not a pole of ϕ,
choose a frame for mH + A near x such that e−((mϕ(x)+χ(x)) = 1, and continue to write f for the
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local form of a given section of norm 1. We also work in a local coordinate z such that z(x) = 0.
By the sub-mean value property and Jensen’s Inequality, one has
log |f(x)|2 ≤ −
∫
|z|≤δ
log
(
emϕ+χ|f |2e−(mϕ+χ)) dV
≤ log
(
−
∫
|z|≤δ
emϕ+χ|f |2e−(mϕ+χ)dV
)
≤ sup
|z|≤δ
(mϕ+ χ) + log
C
δ2n
.
Dividing bym and taking the supremum over all sections f ∈ H 2m of unit norm, we have
ψm(x) ≤ −χ(x)
m
+ sup
|z|≤δ
(ϕ(z) + 1
m
χ(z)) +
C˜
m
.
Finally, choosing a small r so that Bω(x, r) contains the ball |z| ≤ δ, we have
e−ψm(x) ≥ (r−2nCo)1/me
χ(x)
m inf
Bω(x,r)
e−(ϕ+
1
m
χ).
The proof is therefore complete. 
3. BERNDTSSON’S THEOREM ON PLURISUBHARMONIC VARIATION
In his article [B-2009] Berndtsson introduced the method of plurisubharmonic variation of
Bergman spaces and used it to prove that, loosely speaking, if a family of plurisubharmonic
weights, parametrized by a pseudoconvex domain, varies in a plurisubharmonic fashion then the
associated Hilbert bundle over this domain, whose fibers are Hilbert spaces of square-integrable
functions with respect to these weights, has positive curvature in the sense of Nakano.
As Berndtsson and Lempert showed, for the purpose of L2 extension the above pseudoconvex
domain can be the unit disk D ⊂ C, in which case Nakano positivity coincides with the weaker
notion of Griffiths positivity. Since Berndtsson’s Theorem was not proved for manifolds, but only
for domains, we extend the result to the manifold setting for the sake of completeness. The idea
is due to Berndtsson, and we claim no originality. We do, however, provide a slightly different
proof than that of Berndtsson’s; in fact our theorem is closer in spirit to the proof of Theorem 1.2
of [B-2009] rather than the proof of Theorem 1.1.
3.1. The general case. Let Y be a complex manifold of complex dimension n and L → Y be a
holomorphic line bundle. Denote by ℘ : Y × D → Y the projection to the first factor, and let e−ϕ
be a smooth Hermitian metric for ℘∗L→ Y × D. There is a natural isomorphism of line bundles
ιτ : L→ ℘∗L|Y×{τ},
and we write
e−ϕτ := ι∗τe
−ϕ
for the metric for L→ Y induced from e−ϕ|Y×{τ} by this identification. Fix a Hermitian metric ω
on Y . Then one has L2 structures for sections of L→ Y defined by the norm
||f ||2τ :=
∫
Y
|f |2e−ϕτ ω
n
n!
.
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The Hilbert spaces H 2τ of all square integrable holomorphic sections f ∈ H0(Y, L) are then the
fibers of a Hilbert bundleH 2 → D. If we assume some additional conditions on e−ϕ (for example,
if Y is a bounded domain in some larger manifold Y , and if e−ϕ is the restriction of some smooth
metric on Y × C, say) then this bundle is a trivial vector bundle over D, and in fact the vector
subspaces H 2τ ⊂ ΓO(Y, L) are independent of τ . The Hilbert space structure of the fibers varies
quasi-isometrically, i.e., there exist constants Cσ,τ > 0, τ, σ ∈ D such that
||f ||σ ≤ Cσ,τ ||f ||τ for all f ∈ H 2τ .
It follows that the dual spaces H 2∗τ of bounded linear functionals with the dual norm
||ℓ||τ∗ := inf
{
C > 0 ; |ℓf | ≤ C||f ||τ for all f ∈ H 2τ
}
= sup
f∈H 2τ −{0}
|ℓf |
||f ||τ
are also independent of τ as vector spaces, and vary quasi-isometrically as Hilbert spaces. We
therefore have a dual trivial bundle H 2∗ → D.
DEFINITION 3.1.
(i) A section of H 2 → D is a section s of ℘∗L → Y × D such that for each τ ∈ D the
section sτ := ι
∗
τs of L→ Y lies in H 2τ . The collection of sections of H 2 → D is denoted
Γ(D,H 2).
(ii) We say that the section s ∈ Γ(D,H 2) is holomorphic if s ∈ H0(Y × D, ℘∗L). The
collection of holomorphic sections of H 2 → D is denoted ΓO(D,H 2).
(iii) A section ξ of H 2∗ → D is an assignment
D ∋ τ 7→ ξτ ∈ H ∗2τ .
The set of sections is denoted Γ(D,H 2∗).
(iv) We say that ξ ∈ Γ(D,H 2∗) is measurable (resp. smooth, holomorphic) if for each mea-
surable (resp. smooth, holomorphic) section s ∈ Γ(D,H 2) the function
D ∋ τ 7→ ξτsτ ∈ C
is measurable (resp. smooth, holomorphic). The set of holomorphic sections of H 2∗ → D
is denoted ΓO(D,H 2∗).
Note that since the bundle H 2 → D is trivial, for each f ∈ H 2o we have a holomorphic section
℘∗f ∈ ΓO(D,H 2).
It is easy to check that a section ξ ∈ Γ(D,H 2∗) is holomorphic if and only if the function
ξ(℘∗f) : D ∋ τ 7→ ξτf
is holomorphic.
EXAMPLE 3.2. Let x ∈ Y and let vx ∈ Lx − {0}. The function
ξx : H 2τ ∋ f 7→
f(x)
vx
∈ C
is linear on each H 2τ and satisfies Bergman’s Inequality: there exists a C, depending on x, vx, ω
and e−ϕτ such that
|ξxf |2 ≤ C||f ||2τ for all f ∈ H 2τ .
Thus ξx is a section of H
2∗ → D which is evidently holomorphic.
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By the Riesz Representation Theorem there exists kxτ ∈ H 2τ such that
ξxf = (f, kxτ )τ .
As is well-known,Kτ (x, y) := kxτ (y)⊗ vx is the Bergman kernel. ⋄
Let L 2τ denote the space of all measurable sections g of L→ Y whose L2-norm ||g||τ is finite.
For each τ ∈ D, H 2τ is a closed subspace of L 2τ and thus there is a bounded orthogonal projection
Pτ : L
2
τ → H 2τ ,
often called the Bergman projection. In connection with Example 3.2, one can verify that
Pτf(x) =
∫
Y
f(y)Kτ(x, y)e
−ϕτ (y)dVω(y).
Of course, for any f ∈ L 2τ the section f − Pτf is orthogonal to H 2τ and is therefore the minimal
solution of the equation ∂¯u = ∂¯f . When ∂¯f is also square integrable can then apply Ho¨rmander’s
Theorem to obtain the following estimate for f − Pτf .
LEMMA 3.3. Let f ∈ L 2τ lie in the domain of ∂¯ and let θ be a non-negative (1, 1)-form such that
√−1∂Y ∂¯Y ϕτ + Ricci(ω) ≥ θ and
∫
Y
|∂¯f |2θe−ϕτdVω < +∞.
Then ∫
Y
|f − Pτf |2e−ϕτdVω ≤
∫
Y
|∂¯f |2θe−ϕτdVω.
We are finally poised to state and prove Berndtsson’s Theorem.
THEOREM 3.4 (Berndtsson’s Theorem). Let Y be a bounded pseudoconvex domain in a Stein
Ka¨hler manifold (M,ω), let L → M be a holomorphic line bundle, and let e−ϕ be a smooth
Hermitian metric for the line bundle ℘∗L → M × D, where ℘ : M × D → M denotes the
projection to the first factor. Assume that√−1(∂∂¯ϕ+ ℘∗Ricci(ω))
is a non-negative (1, 1)-form on Y × D. Then for every ξ ∈ ΓO(D,H 2) the function
τ ∋ D 7→ log ||ξτ ||2τ∗
is subharmonic.
Proof. Fix a section ξ ∈ ΓO(D,H 2∗). We wish to show that the function Φ(t) := log ||ξt||2t∗ is
subharmonic, i.e., that
∂2
∂t∂t¯
Φ(t) ≥ 0.
Let us fix t ∈ D. Then there is a section f ∈ H 2t such that
||ξt||2t∗ =
|〈ξt, f〉|2
||f ||2t
.
Define the section f ∈ ΓO(D,H 2) by
fτ = f + (t− τ)Pt
(
∂ϕt
∂t
f
)
.
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This section is holomorphic because it is of the form fτg+ τh for some vectors f, g ∈ H 2t = H 2τ .
We observe that
ft = f and Pt
(
∂ft
∂t
− ∂ϕt
∂t
ft
)
= −Pt
(
∂ϕt
∂t
f
)
+ Pt
(
∂ϕt
∂t
f
)
= 0.
Thus the function
Ψ(τ) = Φ(τ)− log |〈ξτ , fτ〉|
2
||fτ ||2τ
is non-negative and vanishes at τ = t. It follows that ∂
2
∂t∂t¯
Ψ(t) ≥ 0, which is to say,
(6)
∂2
∂t∂t¯
Φ(t) ≥ ∂
2
∂τ∂τ¯
∣∣∣∣
τ=t
log
|〈ξτ , fτ〉|2
||fτ ||2τ
.
Thus to prove our result we need to show that the right hand side of (6) is non-negative. Since
τ 7→ 〈ξτ , fτ〉 is holomorphic, it suffices to show that the function log 1||ξτ ||2τ∗ has non-negative
laplacian at τ = t.
We compute that
∂2
∂τ∂τ¯
log
1
||ξτ ||2τ∗
=
1
||fτ ||2τ
(
−∂
2||fτ ||2τ
∂τ∂τ¯
)
+
∣∣∣∣ 1||fτ ||2τ ∂||fτ ||
2
τ
∂τ
∣∣∣∣2 .
Now,
∂||fτ ||2τ
∂τ
=
∫
Y
(
∂fτ
∂τ
− ∂ϕτ
∂τ
fτ
)
f¯τe
−ϕτdVω =
∫
Y
Pτ
(
∂fτ
∂τ
− ∂ϕτ
∂τ
fτ
)
f¯τe
−ϕτdVω
and
∂2||fτ ||2τ
∂τ∂τ¯
= −
∫
Y
∂2ϕτ
∂τ∂τ¯
|fτ |2e−ϕτdVω +
∫
Y
∣∣∣∣∂fτ∂τ − ∂ϕτ∂τ fτ
∣∣∣∣2 e−ϕτdVω.
By Pythagoras’ Theorem and the fact that Pτ
∂fτ
∂τ
= ∂fτ
∂τ
we have∫
Y
∣∣∣∣∂fτ∂τ − ∂ϕτ∂τ fτ
∣∣∣∣2 e−ϕτdVω
=
∫
Y
∣∣∣∣Pτ (∂fτ∂τ − ∂ϕτ∂τ fτ
)∣∣∣∣2 e−ϕτdVω + ∫
Y
∣∣∣∣(∂fτ∂τ − ∂ϕτ∂τ fτ
)
− Pτ
(
∂fτ
∂τ
− ∂ϕτ
∂τ
fτ
)∣∣∣∣2 e−ϕτdVω
=
∫
Y
∣∣∣∣Pτ (∂fτ∂τ − ∂ϕτ∂τ fτ
)∣∣∣∣2 e−ϕτdVω + ∫
Y
∣∣∣∣∂ϕτ∂τ fτ − Pτ
(
∂ϕτ
∂τ
fτ
)∣∣∣∣2 e−ϕτdVω.
We therefore have
∂2
∂τ∂τ¯
log
1
||ξτ ||2τ∗
=
1
||ξτ ||2τ∗
(∫
Y
∂2ϕτ
∂τ∂τ¯
|fτ |2e−ϕτdVω −
∣∣∣∣∣∣∣∣∂ϕτ∂τ fτ − Pτ
(
∂ϕτ
∂τ
fτ
)∣∣∣∣∣∣∣∣2
τ
)
+
∣∣(Pτ (∂fτ∂τ − ∂ϕτ∂τ fτ) , fτ)τ ∣∣2
||fτ ||4τ
−
∣∣∣∣Pτ (∂fτ∂τ − ∂ϕτ∂τ fτ)∣∣∣∣2τ
||fτ ||2τ
,
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and setting τ = t we obtain
∂2
∂τ∂τ¯
∣∣∣∣
τ=t
log
|〈ξτ , fτ 〉|2
||fτ ||2τ
=
1
||ξt||2t∗
(∫
Y
∂2ϕt
∂t∂t¯
|f |2e−ϕtdVω −
∣∣∣∣∣∣∣∣∂ϕt∂t f − Pt
(
∂ϕt
∂t
f
)∣∣∣∣∣∣∣∣2
t
)
By Lemma 3.3 we have the estimate∫
Y
∣∣∣∣∂ϕt∂t f − Pt
(
∂ϕt
∂t
f
)∣∣∣∣2 e−ϕtdVω ≤ ∫
Y
∣∣∣∣∂¯Y ∂ϕt∂t
∣∣∣∣2
θt
|f |2e−ϕtdVω
where we have set θt :=
√−1∂Y ∂¯Y ϕt + Ricci(ω). We therefore obtain the estimate
∂2
∂τ∂τ¯
log
1
||ξτ ||2τ∗
∣∣∣∣
τ=t
≥ 1||ξt||2t∗
∫
Y
(
∂2ϕt
∂t∂t¯
−
∣∣∣∣∂¯Y ∂ϕt∂t
∣∣∣∣2
θt
)
|f |2e−ϕtdVω.
Finally, if A is a Hermitian n× n matrix, v ∈ Cn and c ∈ R then one has the determinant formula
det
(
c v
v† A
)
=
(
c− (A−1v, v)) detA,
which reads as(√−1∂∂¯ϕ+ ℘∗Ricci(ω))n+1
(n+ 1)!
=
(
∂2ϕt
∂t∂t¯
−
∣∣∣∣∂¯Y ∂ϕt∂t
∣∣∣∣2
θt
)
θnt
n!
∧ √−1dt ∧ dt¯
in our setting. Thus the positivity of
√−1∂∂¯ϕ+ ℘∗Ricci(ω) implies that
∂2ϕt
∂t∂t¯
−
∣∣∣∣∂¯Y ∂ϕt∂t
∣∣∣∣2
θt
≥ 0,
and the proof is complete. 
3.2. Berndtsson’s Theorem in the Disk Bundle. In this section we explicate a version of Berndts-
son’s Theorem 3.4 adapted to the disk bundle B(λ). This version of Berndtsson’s Theorem will
be used in Section 5, in the conclusion of the proof of Theorem 1.
It is well-known that e−λ is non-negatively curved if and only if the disk bundle B(λ) is pseu-
doconvex. It is not difficult to show that in fact, B(λ) is a pseudoconvex domain in the larger Stein
manifold Y˜ := {v ∈ L∗ ; πv ∈ Y and |v|2eλ < 1 + ε}. Indeed, one can take a smooth, strictly
plurisubharmonic exhaustion function Ψ for Y and consider the exhaustion function
Ψ˜ := π∗Ψ− log(1 + ε− |v|2eλ)
for Y˜ . This function is strictly plursubharmonic provided Ψ has sufficiently large Hessian, which
we can arrange by composition with a sufficiently rapidly increasing convex function applied toΨ.
On the domain B(λ) we have the singular Hermitian metric
e−ϕ˜+mλ˜
(|σ|2eλ˜)1−k−δo
for the line bundle
Λm := π
∗(L⊗ L∗⊗mZ ).
The curvature of this metric is
∂∂¯ϕ− (k +m− 1 + δo)∂∂¯λ+ [OL∗Z ],
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where the last term is the current of integration over the zero sectionOL∗Z of LZ∗ , seen as a divisor
in B(λ). We also have the smooth measure dV . If we let
ω˜ :=
1
c
1/(n+1)
o
(
π∗ω + co
√−1∂∂¯|v|2eλ)
then ω˜ is a Ka¨hler form provided co > 0 is sufficiently small. The volume form associated to ω˜ is
ω˜n+1
(n+ 1)!
:=
1
co
(
π∗ω + co
√−1∂∂¯|v|2eλ)n+1 = π∗ωn
n!
∧ ddc|v|2eλ = dV ,
and the Ricci curvature of ω˜ is therefore
−∂∂¯ log dV = π∗(Ricci(ω)− ∂∂¯λ).
Finally, let us also fix a function U ∈ PSH(B(λ)×H). We write
Uτ (v) := U(v, τ).
For simplicity of notation, we sometimes write
ψτ := ϕ˜ + Uτ −mλ˜+ (1− k − δo) log |σ|2eλ˜.
We can now define the trivial holomorphic vector bundle H 2 → H over the left half plane
H := {τ ∈ C ; Re τ < 0} whose fibers are
H
2
τ :=
{
F ∈ ΓO(B(λ),Λm) ;
∫
B(λ)
|F |2e−ψτdV < +∞
}
,
and we equip this bundle with the L2 metric on the fibers. Since
∂∂¯ψ + Ricci(ω˜) ≥ π∗(∂∂¯ϕ + Ricci(ω)− (k + 1 +m− 1 + δo)∂∂¯λ)
we have the following result.
THEOREM 3.5 (Berndtsson’s Theorem. Disk Bundle Case). Let X be a bounded pseudoconvex
domain in a Stein Ka¨hler manifold (Y, ω), let L → Y be a holomorphic line bundle with smooth
Hermitian metric e−ϕ. Let Z ⊂ Y be a smooth hypersurface and assume there exist a section
T ∈ ΓO(Y, LZ) and a smooth metric e−λ for LZ → Y such that
sup
Y
|T |2e−λ ≤ 1 and ddcλ ≥ 0.
Suppose, moreover, that
√−1(∂∂¯ϕ− (k + 1 +m− 1 + δo)∂∂¯λ+ Ricci(ω))
is a non-negative (1, 1)-form onX . Let H 2 → H be the vector bundle just defined. Then for every
holomorphic section ξ ∈ ΓO(H,H 2∗) of the dual bundle H 2∗ → H the function
τ 7→ log ||ξτ ||2τ∗
is subharmonic on H.
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4. EXTENSION OF NORMAL JETS FROM A FLAT HYPERSURFACE
We consider the extension of normal k-jets from the singular hypersurface
Z := π−1(Z) ∪OL∗Z ⊂ B(λ),
where OL∗Z denotes the image of zero section of L
∗
Z → X in the total space of L∗Z . Note that OL∗Z
is precisely the zero locus of the diagonal section σ ∈ ΓO(L∗Z , π∗L∗Z) defined in Proposition 2.1
(for the line bundleH = LZ). Thus the holomorphic function
(7) T := 〈π∗T, σ〉 ,
defined by the canonical pairing of π∗LZ and π∗L∗Z , cuts out Z . Observe that
sup
B(λ)
|T |2 ≤ sup
B(λ)
π∗|T |2e−λ|σ|2eλ ≤ 1.
Instead of working specifically with the hypersurface Z in the disk bundle B(λ) we will work
more generally with a flat singular hypersurface, i.e., a hypersurface cut out by a bounded holo-
morphic function, in a Stein manifold. We have the following theorem.
THEOREM 4.1. Let (X,ω) be a Stein Ka¨hler manifold and Z ⊂ X a possibly singular complex
hypersurface cut out by a holomorphic function T ∈ O(X) satisfying
sup
X
|T |2 < 1
for some smooth function λ : X → R. Let L → X be a holomorphic line bundle with singular
Hermitian metric e−ϕ such that
∂∂¯ϕ+ Ricci(ω) ≥ 0.
Then for every (k + 1)-tuple of sections (f0, ..., fk) ∈ (ΓO(Z, L))k+1 satisfying
k∑
j=0
∫
Z
|fj |2e−ϕ
|dT |2ω
dAω < +∞
there exists F ∈ ΓO(X,L) such that
F
(j)
⊥ = fj, 0 ≤ j ≤ k, and
∫
X
|F |2e−ϕdVω ≤ Ck
k∑
j=0
∫
Z
|fj|2e−ϕ
|dT |2ω
dAω,
where C is a universal constant.
First, we may assume that X is a smoothly bounded pseudoconvex domain in a larger Stein
manifold, that the smooth locus of Z meets ∂X transversely, that the line bundle L is defined on
a neighborhood of X , and that the metric e−ϕ is smooth up to the boundary of X . We may also
assume that the norm k-jet (f0, ..., fk) ∈ (ΓO(Z, L))k+1 extends holomorphically to a neighbor-
hood of Z. Indeed, if Theorem 4.1 is proved for such data, then standard compactness and limit
theorems from real analysis yield the result in the general case.
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4.1. Dual formulation of the norm of the minimal extension. We write
H
2(ω, ϕ) :=
{
F ∈ ΓO(X,L) ;
∫
X
|F |2e−ϕdVω < +∞
}
and define
JkZ(ω, ϕ) :=
{
G ∈ H 2(ω, ϕ) ; G(j)⊥ = 0 for 0 ≤ j ≤ k
}
and
Ann(JkZ(ω, ϕ)) :=
{
ξ ∈ H 2(ω, ϕ) ; 〈ξ, G〉 = 0 for all G ∈ JkZ(ω, ϕ)
}
.
By Proposition 2.5, there exists G ∈ ΓO(X,L)
G
(j)
⊥ = fj , 0 ≤ j ≤ k.
Since this section is holomorphic on a neighborhood of X ,∫
X
|G|2e−ϕdVω < +∞.
Let Fo denote the element ofH
2(ω, ϕ) of minimal normwhose normal k-jet alongZ is (fo, ..., fk).
Since any two normal k-jet extensions of (fo, ..., fk) differ by an element of J
k
Z(ω, ϕ), the extension
of minimal norm is orthogonal to JkZ(ω, ϕ). Thus, inspired by Berndtsson and Lempert, we have
the following dual formulation of the norm of the minimal normal k-jet extension.
PROPOSITION 4.2. If (fo, ..., fk) ∈ (ΓO(Z, L))k+1 is the normal k-jet along Z of some section
F ∈ H 2(ω, ϕ) then the minimal extension Fo ∈ H 2(ω, ϕ) of (fo, ..., fk) satisfies
(8)
∫
X
|Fo|2e−ϕdVω = sup
{
|〈ξ, F 〉|2
||ξ||2∗
; ξ ∈ Ann(JZ(ω, ϕ))
}
.
Note that the right hand side of (8) is independent of the choice of F , as it must be. To estimate
the right hand side of (8), we use the following lemma.
LEMMA 4.3. The set of linear functionals in H 2∗o of the form
ξg : H
2(ω, ϕ) ∋ F 7→
k∑
j=0
∫
Z
F
(j)
⊥ gje
−ϕdAω, g = (go, ..., gk) ∈ (Γo(Z, L))k+1,
forms a dense subspace of Ann(Jϕ(Z)).
(Here Γo(Z, L) means smooth sections of L with compact support on the smooth locus of Z.)
Proof. Clearly ξg ∈ Ann(JZ(ω, ϕ)). Now suppose ξ ∈ H 2(ω, ϕ)∗ is not in the closure of the
subspace V = {ξg ; g ∈ (Γo(Z, L))k+1}. Then there is a bounded linear functional
F ∈ H 2(ω, ϕ)∗∗ = H 2(ω, ϕ)
such that
〈ξ, F 〉 6= 0 and 〈ξg, F 〉 = 0 for all g ∈ (Γo(Z, L))k+1.
The latter condition implies that F |Z ≡ 0, and thus ξ 6∈ Ann(JZ(ω, ϕ)), as required. 
COROLLARY 4.4. If (fo, ..., fk) ∈ (ΓO(Z, L))k+1 is the normal k-jet along Z of some section
F ∈ H 2(ω, ϕ) then the minimal extension Fo ∈ H 2(ω, ϕ) of (fo, ..., fk) satisfies
(9)
∫
X
|Fo|2e−ϕdVω = sup
{
|〈ξg, F 〉|2
||ξg||2∗
; g ∈ (Γo(Z, L))k+1
}
.
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4.2. Extension of a normal k-jet to a small neighborhood of Z. Let
Xt := {x ∈ X ; log |T (x)|2 < t}, t ≤ 0.
Then Xo = X and for t << 0 Xt is a tubular neighborhood of Z. (Recall that X is bounded and
all the data is smooth up to the boundary.) The first step in our proof of Theorem 4.1 is to establish
the following theorem.
THEOREM 4.5. Let L→ Xt be a holomorphic line bundle with smooth Hermitian metric e−ϕ have
non-negative curvature, and assume all the data extends smoothly up to the boundary of Xt. Let
(fo, ..., fk) ∈ (ΓO(Z, L))k+1 satisfy
k∑
j=0
∫
Z
|fj|2e−ϕ
|dT |2ω
dAω < +∞.
Then for t << 0 there exists Ft ∈ ΓO(Xt, L) such that
F
(j)
⊥ = fj , 0 ≤ j ≤ k and e−t
∫
Xt
|F |2e−ϕdVω ≤ Ck
k∑
j=0
∫
Z
|fj|2e−ϕ
|dT |2ω
dAω
for some universal constant C > 0.
The remainder of this subsection is devoted to the proof of Theorem 4.5. We begin with the
well-known Twisted Basic Estimate (see, for example, [MV-2007]).
THEOREM 4.6. Let (X,ω) be a complete Ka¨hler manifold and L→ X a holomorphic line bundle
with smooth Hermitian metric e−κ. Fix positive functions τ ∈ C 2(X) and A : X → (0,∞). Then
for every L-valued (0, 1)-form β ∈ Domain(∂¯) ∩Domain(∂¯∗) we have∫
X
(τ + A)|∂¯∗β|2e−κ +
∫
X
τ |∂¯β|2ωe−ϕ
≥
∫
X
〈(
τ(∂∂¯κ + Ricci(ω))− ∂∂¯τ −A−1∂τ ∧ ∂¯τ) , Vβ ∧ Vβ〉 e−κ,(10)
where
Vβ := g
ij¯βj¯ ⊗
∂
∂zi
is the L-valued (1, 0)-vector field induced by β and the Ka¨hler metric.
Following [MV-2007], Theorem 4.6 is used to obtain an a priori estimate by making a good
choice of τ , A and κ, as follows. First we let
τ = a + h(a) and A =
(1 + h′(a))2
−h′′(a) ,
where
h(x) := 2− x+ log(2ex−1 − 1) and a = γ − log(|T |2 + et),
with γ = 1 + log 2 + t, so that a ≥ 1. Thus
τ ≥ 1, 1 + h′(a) = 2e
a−1
2ea−1 − 1 ≥ 1 and A = 2e
a−1.
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We compute that
−∂∂¯a = e
tdT ∧ dT
(|T |2 + et)2
and thus
−∂∂¯τ − ∂τ ∧ ∂¯τ
A
= (1 + h′(a))(−∂∂¯a) ≥ e
tdT ∧ dT
(|T |2 + et)2 .
Finally we take
κ = ϕ+ (k + 1) log |T |2 − k log ∣∣T − 2et/2∣∣2 ,
which satisfies
τ(∂∂¯κ + Ricci(ω)) ≥ 0
because |T |2 < et inXt.
REMARK 4.7. This choice of the metric e−κ is absolutely crucial to our proof of the jet extension
theorem. Indeed, note that any function that is locally integrable with respect to the weight e−κ
must vanish to order k + 1 along Z. In order get control on the size of e−κ, we introduce the last
term of κ, which is a negative log. In the manifold X κ is not positively curved, but the curvature
is indeed positive in the slabXt, and this is precisely the reason that we need to begin by extension
to a thin neighborhood of Z. ⋄
By Theorem 4.6 we have the following result.
THEOREM 4.8. Let D := ∂¯ ◦ √τ + A and S = √τ ◦ ∂¯. Then∫
Xt
|D∗β|2e−κdVω +
∫
Xt
|Sβ|2ωe−κdVω ≥
∫
Xt
et |dT (Vβ)|2
(|T |2 + et)2 e
−κdVω
for any L-valued (0, 1)-form β in the domain of D∗ and S.
As a corollary, by the usual L2 method we have the following theorem.
THEOREM 4.9. Let α by a measurable, L-valued (0, 1)-form onXt such that Sα = 0 in the sense
of currents, and assume there exists a constant C > 0 such that∣∣∣∣∫
Xt
〈α, β〉ω e−κdVω
∣∣∣∣ ≤ C (∫
Xt
|D∗β|2e−κdVω +
∫
Xt
|Sβ|2ωe−κdVω
)
for all β in the domains of D∗ and S. Then there exists a section u of L→ Xt such that
Du = α and
∫
Xt
|u|2e−κdVω ≤ C.
Moreover, if α is smooth then so is u, and thus u vanishes to order k + 1 on Z.
We now construct our form α to which we will apply Theorem 4.9. To this end, as in the proof
of Proposition 2.5, fix holomorphic sections g0, ..., gk ∈ ΓO(Xt, L) such that
gj = fj +O(|T |k+1) near Z, 0 ≤ j ≤ k.
Set
G :=
k∑
j=0
gjT
j .
20
Let χ ∈ C∞o ([0, 1)) be a function such that χ ≡ 1 on [0, 1/2] and |χ′| ≤ 2. We write
χt = χ((|T |2/et)
and set
αt := G∂¯χt = G · χ′
(
|T |2
et
) TdT
et
.
We estimate that
|(αt, β)|2 ≤
(∫
Xt
|〈αt, β〉ω| e−κdVω
)2
=
(∫
Xt
∣∣∣∣Gχ′ ( |T |2et ) TetdT (Vβ)ω
∣∣∣∣ e−κdVω)2
≤
(∫
Xt
∣∣∣Gχ′( |T |2et )∣∣∣2 (|T |2 + et)2e3t |T |2e−κdVω
)(∫
Xt
et |dT (Vβ)|2
(|T |2 + et)2 e
−κdVω
)
.
The first factor in the last term satisfies∫
Xt
∣∣∣Gχ′( |T |2et )∣∣∣2 (|T |2 + et)2e3t e−κdVω
≤ 16
et
∫
1
2
et≤|T |2≤et
|T − 2et/2|2k
|T |2k
∣∣∣∣∣
k∑
j=0
gjT
j
∣∣∣∣∣
2
e−ϕdVω
≤ 16
et
k
∫
1
2
et≤|T |2≤et
(
k∑
j=0
|gj|2 |T − 2e
t/2|2k
|T |2(k−j)
)
e−ϕdVω
≤ 16πk6k 1
πet
∫
1
2
et≤|T |2≤et
(
k∑
j=0
|gj|2e−ϕ
)
dVω
≤ 20πk6k
(
k∑
j=0
∫
Z
|fj |2e−ϕ
|dT |2ω
dAω
)
≤ (120π)k
(
k∑
j=0
∫
Z
|fj|2e−ϕ
|dT |2ω
dAω
)
,
provided we take t sufficiently small. (The second to last estimate holds even for singular varieties,
provided we add a very small constant, because the singular locus has measure zero. At the end of
the process, one can take the limit as this constant goes to 0; this is rather standard, so we leave the
details to the reader.) By Theorem 4.9 there exists a smooth section u of L → Xt satisfying the
estimate ∫
Xt
|u|2e−κdVω ≤ (120π)k
(
k∑
j=0
∫
Z
|fj|2e−ϕ
|dT |2ω
dAω
)
,
and in particular u vanishes to order k + 1 along Z. We define
Ft := Gχt −
√
τ + Au ∈ ΓO(Xt, L).
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Then
(Ft)
(j)
⊥ = fj , 0 ≤ j ≤ k
and ∫
Xt
|Ft|2e−ϕdVω ≤ 2
∫
Xt
|G|2e−ϕdVω + 2
∫
Xt
(τ + A)|T |2 |T |
2k
|T − 2et/2|2k |u|
2e−κdVω
Now, if t << 0 then∫
Xt
|G|2e−ϕdVω ≤ (k + 1)
∑
j=0
∫
Xt
|gj|2|T |2je−ϕdVω ≤ Co(k + 1)et
∑
j=0
∫
Z
|fj|2e−ϕ
|dT |2 dAω.
Turning to the estimate of the second term, we observe that
|T |2k
|T − 2et/2|2k ≤ 1,
and since a ≥ 1,
(τ + A)|T |2 ≤ (τ + A)eγ−a = (2− log(2ea−1 − 1) + 2ea−1)eγ−a ≤ eγ−1(2e1−a + 4) ≤ 6eγ−1.
Thus∫
Xt
(τ + A)|T |2 |T |
2k
|T − 2et/2|2k |u|
2e−κdVω ≤ 6eγ−1
∫
Xt
|u|2e−κdVω = 12et
∫
Xt
|u|2e−κdVω.
We conclude that there is a universal constant C such that
e−t
∫
Xt
|Ft|2e−ϕdVω ≤ Ck
(
k∑
j=0
∫
Z
|fj |2e−ϕ
|dT |2ω
dAω
)
.
The proof of Theorem 4.5 is therefore complete. 
4.3. Degeneration to the infinitesimal neighborhood. Next let
H := {τ ∈ C ; Re τ < 0}
denote the left half plane, and define the plurisubharmonic function U : X ×H→ [−∞, 0) by
U(x, τ) := max(log |T (x)|2 − Re τ, 0).
We may sometimes write
Uτ (x) := U(x, τ).
We define a family of metrics {e−ψτ,p ; τ ∈ H, p > 0} for L→ X by
e−ψτ,p = e−(ϕ+pUτ ),
and define Hilbert spaces
H
2
τ,p :=
{
F ∈ ΓO(X,L) ; ||F ||2τ,p := e−Re τ
∫
X
|F |2e−ψτ,pdVω < +∞
}
.
Observe that
p < p′ ⇒ ||F ||2τ,p′ ≤ ||F ||2τ,p ⇒ H 2τ,p ⊂ H 2τ,p′,
and that, since
e−Re τ
∫
XRe τ
|F |2e−ϕdVω ≤ ||F ||2τ,p for all τ ∈ H,
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H 2τ,p ⊂ V2τ , where
V
2
τ =
{
F ∈ ΓO(X,L) ; e−Re τ
∫
XRe τ
|F |2e−ϕdVω
}
.
On the other hand given, F ∈ H 2τ,p,
lim
p→∞
||F ||2τ,p = e−Re τ
∫
XRe τ
|F |2e−ϕdVω.
Consequently, Theorem 4.5 implies that the extension of minimal norm Ft ∈ H 2t+√−1s,p satisfies
||Ft||2t,p ≤ Ck
k∑
j=o
∫
Z
|fj|2e−ϕ
|dT |2ω
dAω.
Defining
Jkτ,p(Z) :=
{
G ∈ H 2τ,p ; G(j)⊥ = 0 for 0 ≤ j ≤ k
}
and
Ann(Jkτ,p(Z)) :=
{
ξ ∈ H 2(ω, ϕ) ; 〈ξ, G〉 = 0 for all G ∈ JkZ(ω, ϕ)
}
,
we have as in Corollary 4.4 that
(11) e−t
∫
X
|Ft|2e−ϕdVω = sup
{
|〈ξg, F 〉|2
||ξg||2t,p∗
; g ∈ (Γo(Z, L))k+1
}
.
In the expression
|〈ξg, F 〉|2
||ξg||2t,p∗
the numerator is independent of t. By Berndtsson’s Theorem, function function
(−∞, 0) ∋ t 7→ log ||ξg||2t,p∗
is convex.
LEMMA 4.10. For each g ∈ (Γo(Z, L))k+1 there exists a constant Cg such that
lim sup
t→−∞
||ξg||2t,p∗ ≤ Cg.
Proof. Let H ∈ H 2t,p satisfy
e−t
∫
X
|H|2e−ψt,pdVω = 1.
Associated toH we have the normal k-jet (ho, ..., hk) ∈ ΓO(Z, L) where
hj(z) =
1
2π
√−1
∫
|T |= 1
2
et/2
H(z, T )
dT
T j+1
.
Here we are using T as a local coordinate nearZ, and z as coordinates alongZ. This formula shows
that hj are controlled by the values of H in a small neighborhood of Z. Thus using Bergman’s
Inequality one obtains the estimate
|hj(z)|2e−ϕ(z,0) ≤ C˜ge−t
∫
Xt
|H|2e−ϕdVω ≤ C˜g,
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and consequently by Cauchy-Schwarz,
||ξg||2t,p∗ = sup
||H||t,p=1
∣∣∣∣∣
k∑
j=0
∫
Support(gj)
hj g¯je
−ϕ
|dT |2ω
dAω
∣∣∣∣∣
2
≤ Cg,
as claimed. 
In view of Lemma 4.10 the function t 7→ log ||ξg||2t,p∗ is bounded, and since it is also convex, it
must be increasing. It follows that∫
X
|Fo|2e−ϕdVω ≤ lim
t→−∞
e−t
∫
X
|Ft|2e−ϕdVω ≤ Ck
k∑
j=o
|fj |2e−ϕ
|dT |2ω
dAω.
The proof of Theorem 1 in the case of a flat hypersurface is complete.
5. END OF THE PROOF OF THEOREM 1
5.1. Lifting to the disk bundle. As already suggested at the beginning of Section 4, the general
case of Theorem 1 can be deduced from the flat case (Theorem 4.1) by an appropriate lifting of the
extension problem to the disk bundle B(λ) described in Section 2. We use the notation from that
section.
In order to apply Theorem 4.1, we use the defining function T given by (7). In locally trivial
coordinates (x, s) on L∗Z the function T is given by
T (x, s) = T (x)s,
and then
dT (x, s) = sdT (x) + T (x)ds.
In particular, the second term vanishes along Z while the first term vanishes along OL∗Z .
Recall that in Section 3.2 we defined the Ka¨hler metric
ω˜ :=
1
c
1/(n+1)
o
(
π∗ω + co
√−1∂∂¯|v|2eλ)
on B(λ), and showed that
Ricci(ω˜) = π∗(Ricci(ω)− ∂∂¯λ)..
We also defined the line bundle
Λm := π
∗(L⊗ L∗⊗mZ )
with its singular Hermitian metric
e−Ψ :=
e−ϕ˜+mλ˜
(|σ|2eλ˜)1−k−δo ,
whose curvature is
∂∂¯Ψ = π∗(∂∂¯ϕ− (k +m− 1 + δo)∂∂¯λ) + [OL∗Z ].
In particular, given δ in Theorem 1, if we letm be the unique positive integer such that
δo := δ −m+ 1 ∈ (0, 1],
then under the hypotheses of Theorem 1 we find that
∂∂¯Ψ+ Ricci(ω˜) ≥ π∗(∂∂¯ϕ+ Ricci(ω)− (k + 1 + δ)∂∂¯λ) ≥ 0.
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With this notation, Theorem 4.1 reads as follows.
THEOREM 5.1. For every pair of (k + 1)-tuples
(fZo , ..., f
Z
k ) ∈ (ΓO(Z,Λm))k+1 and (fOo , ..., fOk ) ∈ (ΓO(OL∗Z ,Λm)k+1
associated to the pair of irreducible components Z and OL∗Z such that
k∑
j=0
∫
Z
|fZj |2e−Ψ
π∗(|dT |2ωe−λ)|σ|2eλ˜
dA +
k∑
j=0
∫
OL∗
Z
|fOj |2e−Ψ
π∗(|T |e−λ)2|dσ|2ω˜eλ˜
dA < +∞
there exists F˜ ∈ ΓO(B(λ),Λm) such that
F˜
(j)
⊥ = f
Z˜
j , along Z˜, F˜
(j)
⊥ = f
0
j along 0L∗Z , 0 ≤ j ≤ k,
and∫
B(λ)
|F˜ |2e−ΨdV ≤ Ck
(
k∑
j=0
∫
Z˜
|f Z˜j |2e−Ψ
π∗(|dT |2ωe−λ)|σ|2eλ˜
dA +
k∑
j=0
∫
0L∗
Z
|f0j |2e−Ψ
π∗(|T |e−λ)2|dσ|2ω˜wλ˜
dA
)
,
where C is the universal constant of Theorem 4.1.
5.2. Conclusion of the proof of Theorem 1. Given the data
(fo, ..., fk) ∈
k⊕
j=o
ΓO(Z, L⊗ L∗jZ )
in the hypotheses of Theorem 1, we define the sections
fZj := π
∗fj ⊗ σm+j ∈ ΓO(Z,Λm) and fOj = 0, 0 ≤ j ≤ k.
We compute that∫
Z
|fZj |2e−Ψ
π∗(|dT |2ωe−λ)|σ|2eλ˜
dA =
∫
Z
π∗(|fj|2e−ϕ+jλ)(|σ|2eλ˜)m+k−j
(|σ|2eλ˜)2−δoπ∗(|dT |2ωe−λ)
dA
=
π
k − j + δ
∫
Z
|fj|2e−ϕ+jλ
|dT |2e−λ dAω
≤ π
δ
∫
Z
|fj|2e−ϕ+jλ
|dT |2e−λ dAω,
where the second equality follows from Fubini’s Theorem.
Theorem 5.1 provides us with a section G ∈ ΓO(B(λ),Λm) such that
G
(j)
⊥ = f
Z˜
j , along Z, G(j)⊥ = 0 along OL∗Z , 0 ≤ j ≤ k,
and ∫
B(λ)
|G|2e−ΨdV ≤ 2πC
k
δ
k∑
j=0
∫
Z˜
|f Z˜j |2e−Ψ
π∗(|dT |2ωe−λ)|σ|2eλ˜
dA ,
Writing G in its homogeneous expansion according to Proposition 2.1, we have
G =
∞∑
ℓ=0
(π∗Fℓ)σ⊗ℓ,
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where Fℓ ∈ ΓO(X,L⊗ L∗⊗ℓZ ). Restriction to Z shows that
(Fm)
(j)
⊥ = fj and (Fℓ)
(j)
⊥ ≡ 0 along Z, 0 ≤ j ≤ k, ℓ 6= m,
and thus (π∗Fm)⊗ σ⊗m is also a k-jet extension of (f Z˜o , ..., f Z˜k ) along Z˜. We set
F = Fm.
We then calculate that∫
B(λ)
|π∗F ⊗ σm|2e−ΨdV =
∫
B(λ)
π∗(|F |2e−ϕ)(|σ|2eλ˜)m+k
(|σ|2eλ˜)1−δo dV =
2π
k + 1 + δ
∫
Z
|F |2e−ϕdVω,
Thus ∫
Z
|F |2e−ϕdVω ≤ k + 1 + δ
δ
Ck
k∑
j=0
∫
Z
|fj|2e−ϕ+jλ
|dT |2e−λ dAω,
and the proof of Theorem 1 is complete. 
6. THE PROOF OF THEOREM 2
Let e−ϕ be the singular Hermitian metric to be extended. Fix a sufficiently ample line bundle
A → X and a smooth metric e−χ with sufficiently large curvature form, i.e., √−1∂∂¯χ >> ω.
Since H is pseudoeffective, the line bundle
Hm := H
⊗m ⊗A
is big, as it admits the singular Hermitian metric e−(mϕo+χ), with curvature current
∂∂¯(mϕo + χ) ≥ ∂∂¯χ.
Thus replacing A by A⊗2 if necessary, we may assumeHm is ample.
Consider the metric e−(mϕ+χ) for Hm|Z . If χ is sufficiently positively curved, the hypotheses of
Lemma 2.9 are satisfied. We use the notation of the latter lemma. Choosing an orthonormal basis
f1,(m), ..., fNm,(m) for H
2
m(ϕ), we construct the metric e
−θm for H|Z defined by the potential
θm := − χ
m
+
1
m
log
Nm∑
j=1
|f (m)j |2.
Note that since e−ϕo |Z ≤ e−ϕ,
(12)
∫
Z
|f (m)j |2e−mϕo−χdVω ≤
∫
Z
|f (m)j |2e−mϕ−χdVω = 1.
Now denote by γj,(m) the normalm-jets along Z associated to the (m+ 1)-tuple
(f1,(m), 0, 0, ..., 0) ∈
m⊕
ℓ=0
ΓO(Z,Hm ⊗ L∗⊗ℓZ ),
for all indices j with 1 ≤ j ≤ Nm. Theorem 1 yields sections F (m)j ∈ H0(X,Hm), 1 ≤ j ≤ Nm,
such that
(13) Jm⊥ Fj,(m) = γj,(m) and
∫
X
|Fj,(m)|2e−mϕo−χdVω ≤ Cmo ,
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assuming, again, that
√−1∂∂¯χ is sufficiently large. Define the metric e−Θm for H → X whose
potential is
Θm = − χ
m
+
1
m
log
Nm∑
j=1
|Fj,(m)|2.
Since, by definition, Θm|Z = θm, Lemma 2.9 provides us with the upper estimate
(14) e−Θm |Z ≤ C1/me−ϕ.
We note that this upper bound, which uses the L2 extension theorem for sections, does not require
Theorem 1 on L2 extension for jets; the estimate (13) will be needed below.
We now establish a upper bound. To this end, consider the section Fj,(m). To analyze the section,
we work in a neighborhood Uj = Vj ∩ D(z, r) for sufficiently small r. We choose a frame for LZ
and a holomorphic coordinate t in the normal direction to Z such that Uj = Vj × {|t| < 2δ} for
some small number δ. We write (z, t) for the coordinates in Vj×{|t| < 2δ}. Expanding the section
in a Taylor series in t, we have
Fi,(m)(z, t) = fi,(m)(z) +
∞∑
k=m+1
ci,k(z)t
k,
where ci,k ∈ O(Vj). (In view of (13), ci,k(z) ≡ 0 for 1 ≤ k ≤ m.) By the Cauchy formula,
ci,k(z) =
1
2π
√−1
∫
|t|=δ
Fi,(m)(z, t)
dt
tk+1
.
Thus by the estimate (13) (and this is where the theorem on jet extensions is crucially needed)
|ci,k(z)| ≤ 1
2π
∫ 2π
0
δ−k|Fi,(m)(z, δe
√−1θ)|dθ ≤ Cm1 δ−k.
Both inequalities follow from the sub-mean value property, and in the second inequality we also
used the estimate emϕ+χ = (eϕ)meχ ≤ Cm2 , which follows from the compactness of X . It follows
that for |t| ≤ δ ≤ 1/2,
(15) |Fi,(m)(z, t)− fi,(m)(z)| ≤
∞∑
k=m+1
Cmδk = (Cδ)m
δ
1− δ ≤ (Cδ)
m.
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Returning to the proof of Theorem 2, we note that for |t| ≤ δ one has the estimate
1
2
Θm(z, t) =
−χ(z, t)
2m
+
1
m
log
(
Nm∑
j=1
|Fj,(m)(z, t)|2
)1/2
≤ −χ(z, t)
2m
+
1
m
log
(Nm∑
j=1
|fj,(m)(z)|2
)1/2
+
(
Nm∑
j=1
∣∣Fj,(m)(z, t)− fj,(m)(z)∣∣2
)1/2
≤ −χ(z, t)
2m
+
1
2m
log
(
Nm∑
j=1
|fj,(m)(z)|2
)
+
(
Nm∑
j=1
∣∣Fj,(m)(z, t)− fj,(m)(z)∣∣2
)1/m
.
The last inequality follows from the basic calculus estimate 2
m
log(a+ b) ≤ b2/m + 2
m
log a, which
holds for any a > 0,m > 0 and 0 ≤ b ≤ 1. In view of (15), when |t| ≤ δm+1,
Θm(z, t) ≤ −χ(z, t)
m
+
1
m
log
(
Nm∑
j=1
|fj,(m)(z)|2
)
+ (Nm)
1/mCδ.
Since H 2m(ϕ) ⊂ H0(Z,Hm), Nm = O(mn−1) by asymptotic Riemann-Roch, and thus for suffi-
ciently large m, (Nm)
1/m ≤ 2. Finally, taking δ = ε
2C
where ε > 0 is a fixed number, we obtain
from (12) and Lemma 2.9 the estimate
(16) Θm(z, t) ≤ −χ(z, t)
m
+ sup
B ε
2C
(z,t)
(
ϕ+
χ
m
)
+
C1 logm
m
+ ε.
We are now ready to complete the proof of Theorem 2. Define the metric e−Φ for H → X by
setting
Φ := lim sup
y→x
lim sup
m→∞
Θm.
Then evidently
√−1∂∂¯Φ ≥ 0 and Φ is locally upper semi-contiuous. In view of (14) we have
e−Φ|Z ≤ e−ϕ,
while (16) shows that
e−Φ|Z ≥ e−ϕ.
The proof of Theorem 2 is therefore complete. 
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